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We study collision of particles in the vicinity of a horizon of a weakly magnetized non-rotating 
black hole. In the presence of the magnetic field innermost stable circular orbits (ISCO) of charged 
particles can be located close to the horizon. We demonstrate that for a collision of two particles, 
one of which is charged and revolving at ISCO and the other is neutral and falling from infinity, 
the ma:ximal collision energy can be high in the limit of strong magnetic field. This effect has some 
similarity with the recently discussed effect of high center-of-mass energy for collision of particles 
in extremely rotating black holes. We also demonstrate that for 'realistic' astrophysical black holes 
their ability to play the role of 'accelerators' is in fact quite restricted. 
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I. INTRODUCTION 



Collision of particles near a rotating black hole horizon 
may produce high energy radiation. Such processes con- 
nected with the Penrose effect have been studied long 
time ago by Piran and collaborators [11-13. Recently 
Banados, Silk and West (BSW) [1] demonstrated that 
for an extremely rotating black hole such collisions can 
produce particles of high centcr-of-mass energy. In an 
idealized set up this energy can be higher than Planck- 
ian energy, so that one might think about black holes as 
super high energy colliders. This work stimulated a lot 
of interest to this problem [sl-fisj . More detailed analysis 
demonstrated that this model is oversimplified. There 
exist several processes which su ppr ess the possible high 
value of the collision energy (l^. Il5j|. The center-of-mass 
energy can be infinitely high only if the black hole is ex- 
tremely rotating. A tiny violation of the extremality con- 
dition, which is practically inevitable in the astrophysical 
applications, strongly suppresses this effect. Even in the 
idealized extremely rotating case special fine-tuning is 
required for particle trajectories. The gravitational radi- 
ation also significantly affects this process. 

The aim of this paper is to show that a similar effect 
of particle collision with high center-of-mass energy is 
also possible when a black hole is non-rotating (or slowly 
rotating) provided there exists magnetic field in its ex- 
terior. This observation might be interesting since there 
exist both theoretical and experimental indications that 
such a magnetic field must be present in the vicinity of 
black holes. In what follows we assume that this field 
is weak and its energy-momentum does not modify the 
background black hole geometry. For a black hole of mass 
M this condition holds if the strength of magnetic field 



satisfies the condition 



M 



IQis^Gauss. 
M 



(1) 



We call such black holes weakly magnetized. One can 
expect that the condition ([1]) is satisfied both for stellar 
mass and supermassive black holes. 

The condition (jlj does not mean that the magnetic 
field does not affect the charged particle motion. The 
following dimensionless quantity 



\q\BGM 



(2) 



can be used to characterize relative strength of mag- 
netic and gravitational forces acting on a charged par- 
ticle (with charge q and mass m) in the vicinity of the 
weakly magnetized black hole of mass M. For electrons 
this quantity is 
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while for protons it is less by the factor mp/m,, w 1836. If 
one uses the following estimations for the magnetic field 
in the vicinity of black hole, presented in [l7| . 

B - lO^Gauss for M - IOA/q black holes; (4) 
B - lO^Gauss for M - IO^A/q black holes , (5) 

one obtains 6 ^ 8.6 x 10^° and 6 '--^ 8.6 x 10^^ for these 
two cases, respectively. This means that even for weakly 
magnetized black holes the magnetic field can dramati- 
cally modify the charged particle motion. For B = bmax 
the parameter b reaches the value bmax = 8.6 x 10^°, 
which is independent of the mass of a black hole. 

It is interesting that in some aspects the action of the 
magnetic field on charged particle motion is similar to 
the effects of the rotation of the black hole on the motion 
of neutral particles in its vicinity. Such a similarity can 
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be expected in a general case because of the well known 
gravito- electromagnetism analogy (see e.g. [H, In 
particular, in the presence of the magnetic field the inner- 
most stable circular orbit (ISCO) for a charged particle 
can be arbitrary close to the horizon [2^, as it occurs 
for an extremely rotating black hole. For this reason 
one can expect that under special conditions magnetized 
black holes can play a role of accelerators, similar to the 
rotating ones. The purpose of this paper is to demon- 
strate that this is really so. 

Many important results concerning charged particle 
motion in ma gne tized can be found in |20l422|. A more 
recent paper contains more detailed study of this 
problem. The results of the latter paper will be used in 
the present work. 

The present paper is organized as follows. Section II 
contains discussion of charged particle motion in the 
magnetized black holes, with the main focus on the prop- 
erties of their ISCOs. In Section III we discuss particles 
collisions in the vicinity of a weakly magnetized black 
hole. We demonstrate that for collision of two charged 
particles, moving along ISCO in the opposite directions, 
the center-mass energy is only slightly more that 2m. 
However the collision energy can be high in the other 
case, when a freely falling neutral particle collides with a 
charged particle at ISCO. Formally, the center-mass en- 
ergy can be arbitrary high for this case, as it happens 
in the extremely rotating black holes. In Section IV we 
discuss the obtained results. In particular, we show that 
the dependence of maximal collision energy Ai on the 
magnetic field parameter b has the form Ai ^ 6^/^. As 
a result one cannot reach extremely high energy M for 
realistic magnetic fields. We also discuss other effects 
which might be important for such collision processes. 



Dynamical equation for a charged particle motion is 

(8) 



where r is the proper time, is the particle 4-velocity, 
u^u^ = — 1, g and m are its charge and mass, respec- 
tively. For the motion in the magnetized black hole there 
exist two conserved quantities associated with the Killing 
vectors: the energy i? > and the generalized azimuthal 
angular momentum L G (— oo, -f oo). 



(9) 



m— + -qB ] sh? 9 . (10) 
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Here = m -f qA^^ is the generalized 4-momentum 
of the particle. We focus on the motion of the charged 
particle in the equatorial plane, so that these integrals of 
motion are sufficient for the completely integrability of 
the equations of motiou"'^ . 

It is convenient to use the following dimensionless ver- 
sions of r, T, E, L and B 



p = —, cr = —, I 
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L „ E ^ qBrg 



m ' 2m 
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Written in the dimensionless form the equations of mo- 
tion are 



£^-U. 



dT £p 



da p — 1 



P-T = ' ^ = ' 

da p 



(12) 
(13) 



II. CHARGED PARTICLE MOTION IN 
WEAKLY MAGNETIZED BLACK HOLES 

Let us discuss first a charged particle motion in the 
vicinity of a Schwarzschild black hole of mass M in the 
presence of an external static axisymmetric and uniform 
at the spatial infinity magnetic field. The Schwarzschild 
metric reads 



ds^ = -fdt^ + f-^dr^ 



/ = 1 - ^ , (6) 
r 



where the effective potential is 

1 



C/ = ( 1-- ) (1 + /3'). 



(14) 



In what follows we assume that the charge q is positive, so 
that b is positive as well. We discuss only such solutions. 
Solutions for the negative charge can be obtained by a 
simple substitution b — >■ —6, £ — > — and — —0 



where Vg = 2GM and dw^ = d6^ + sin^ 6d(j)'^. The com- 
muting KiUing vectors ^(t) = d/dt and = d/d(j) gen- 
erate time translations and rotations around the symme- 
try axis, respectively. The magnetic field potential in the 
Lorentz gauge A^.^ = is of the form 



A" 
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(7) 



The corresponding magnetic field is homogeneous at the 
spatial infinity where it has the strength B (see, e.g., 
[milll). In what follows, we assume that B >0. 



^ Let us notice that the black hole parameters do not enter the 
expression for the generalized azimuthal angular momentum, so 
that expression HIOII is the same as in a fiat spacetimc. If a 
particle does not move and is located at 6 = 0, ilOl takes the 
form L = ^qBr^. This means that L depends on the choice of 
the center of the spherical coordinates. This ambiguity reflects 
the fact that L is not a gauge invariant quantity, and by a proper 
gauge transformation its value at a initial moment of time can be 
changed. For the same reason the absolute value of the constant 
L is not so important for our problem. However, in the case 
of a black hole it is convenient to fix the origin of the spherical 
coordinates in the 'center' of the black hole, and to choose the 
gauge in which ((TJ is valid. 
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We consider circular motion of the charged particle. 
The effective potential has minimum at the radius of such 
an orbit. The momentum of a particle at the circular 
orbit of radius r is 



-=(*) 



(*) 



(0) °'t> 



(15) 
(16) 
(17) 



Here V (which can be both positive and negative) is a 
velocity of the particle with respect to a rest frame, and 
7 is the Lorentz gamma factor. From normalization con- 
dition = —m? one has 7 = (1 — w^)^^/^. For (7 > the 
Lorentz force acting on a particle with w > is repulsive 
(i.e. directed outwards the black hole), while for < it 
is attractive. 

Using relation dcfi/dr — v-f/r and (jTU]) one gets 



This relation allows one to find 
7^ = 1 + , v = 



(18) 



(19) 



The position of the innermost stable circular orbit 
(ISCO) is determined by the equations dpU = dpU = 0. 
These conditions give 2 relations for 3 quantities, p, i, 
and b. In the absence of the magnetic field the ISCO 
radius is the same for both types of the directions of 
the motion and the corresponding value of p is p± = 3. 
For non-vanishing magnetic field the radii of the ISCO 
for positive and negative i are different. Both p± are 
smaller than 3, and one always has p-^- < p^. 

Using equations (57) and (58) of the paper [l^ one 
obtains 



/3± 
Q± 



P± 



b±p± = ± 



1 x/3p± - 1 T 



V2 
3±A±, 



qT 



Vi3p±-m-p±). 



(20) 



Here p± is the radius of ISCO . For both types of motion 
A± is real only in the interval 1/3 < p < 3. The function 
Q+ = for p+ = 1 and Q- = for p^ = p-^min = 



(5 + vT3)/4. Figure [T] shows that the regions allowed for 
the ISCO radii arc 1 < < 3 and p-^min < P- < 3. 

Using one finds the values of the velocity v± and 
7-factor 7± . Figure [5] shows the velocity of a particle at 
the ISCO as a function of its radius. The lower brunch, 
which starts dX p+ = 1 at the value 1/2, is slightly less 
than 1/2 in the interval (1,3). At the end of this interval 
it reaches the value 1/2 again. The upper brunch starts 
with the same value 1/2 at p_ =3 and monotonically 
increases until it reaches the value 1 at p = p—^rnin- 

Thus 

the motion of the particle at the ISCO becomes ultra- 
relativistic only in this limit. 




FIG. 1: Q+ and Q- as functions of p. 
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FIG. 2: Velocity of a particle at the ISCO as a function of its 
radius. 



One can write expression for 7± in the following form 
2(P± - 1) 



7± 



[4pi-9p± + 3±^±]i/2 



(21) 



The value of the effective potential U at the position of 
the ISCO is 



C/± = (1-P±')(1+/?D. 



(22) 



Figure [3] shows that monotonically decreases from 
its value 8/9 at /9+ = 3 till at the horizon /?+ = 1, while 
the 7-factor remain always slightly higher than 1. At the 
end points of the ISCO radius domain one has 



7+(l)=7+(3) = 2/V3. 



(23) 



For 6^1 the ISCO radius pj^ is close to the horizon and 
one has (see [l6j ) 



P4 



1 



1 



^/3fe 



(24) 



For the same mass of the black hole M and the value 
of the magnetic field iJ, the parameter b for electrons is 
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FIG. 3: The value of the effective potential U+ at the position 
of the ISCO p+ and the corresponding value of the 7-factor 
7+- 
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FIG. 4: The value of the effective potential U- at the position 
of the ISCO p- and the corresponding value of the 7-factor 
7-- 



almost 2,000 times larger than for protons, so that the 
ISCO for electrons are located much closer to the horizon 
than the corresponding orbits for protons. Because the 
signes of charges for the electron and proton are different, 
they move along their ISCOs in the opposite direction. 

Figure |4] shovi^s that for trajectories with £ < both 
U- and 7_ infinitely grow at p-^min = (5 + •\/T3)/4. 

III. PARTICLE COLLISION 

A. Two particles at ISCO 

As a first example let us consider a collision of two 
particles with the same mass m and opposite charges 
-|-|g| and — |g| moving along the same circular orbit in 



the opposite directions. The 4-momentum of the system 
after the collision is = 2m7e|'j^. Denote by M the 
energy after the collision calculated in the center-of-mass 
frame, then one has 

M = 2m-i. (25) 

Let us assume that for chosen value of the magnetic field 
the particles moves at the ISCO. As one can sec from 
Figure [31 the value 7-|_ for an arbitrary field b remains 
close to 1 . This means that the collision energy cannot 
be much higher than 2to. 

For the 'attraction' case the situation is quite differ- 
ent. Formally both 7_ and Ai infinitely grow when the 
radius of the ISCO tends to its minimal value p-^min = 
(5 + -\/T3)/4. Thus in such a collision one can obtain an 
arbitrary large value of Ai (see Figure H]) . The energy 
of such particles as measured at infinity, E — mil- {p- ) , 
also grows in this limit. This means that in such a setup 
the high collision energy is possible only if the initial en- 
ergy of the particles measured at infinity is also high. In 
other words, the gravitational field of the black hole sim- 
ply 'helps' the magnetic field to keep the charged particles 
at the circular orbit, but it does not provide the colliding 
particles with the energy. 

B. Collision of a freely falling neutral particle with 
a charged particle at ISCO 

1. Collision energy 

Let us consider now another case, when a freely falling 
from infinity neutral particle collides with a charged par- 
ticle revolving at the circular orbit near a weakly mag- 
netized black hole. As earlier we denote by p the mo- 
mentum of this particle, and by m and q its mass and 
charge. Denote by p. the mass of a freely falling particle, 
and by fc its 4-momcntum. At the moment of collision 
the 4-momentum is 

P = p + k, (26) 
and the corresponding center-of-mass energy is M., 

= m^ + p^ -2{p,k) . (27) 

2. Freely falling particle 

To calculate {p, k) = g^i^p'^fc" at the point of the col- 
lision we obtain first an expression for fe in terms of the 
integrals of motion for the neutral particle. We parame- 
terize the particle geodesic by an affine parameter A, such 
that 

fe=(i,f,^,0), (.:.)= d(...)/dA. (28) 
For this parametrization one has 

gtd'^ + grrT^ + geeO"^ + g<i><i><j> = -p^ , (29) 
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and the case of a massless particle ('photon') does not re- 
quire any modifications. We use the following integrals of 
motion: the energy the azimuthal angular momentum 
£,z and the total angular momentum £ 



Thus we have 
fc 



2 • 2 

r sm I 



^ (€//,f,^,£Jr2), 



(30) 

(31) 
(32) 

(33) 



For the motion from infinity the particle is either cap- 
tured by the black hole, or, after close encounter, returns 
to infinity. To determine the critical value of the angular 
momentum £ which separates these two outcomes we use 
the relation (1321) written in the form 



f2 



W = l-{y^+e/p'){l-l/p). (34) 



Here v = ji/^ and Z = £/ {^Vg). For the motion from the 
infinity < I, and v ~ for the ultrarclativistic particles 
and light. The function W vanishes at the horizon and 
has the value 1 — j/^ at the infinity. Depending on the pa- 
rameters v and / it is either monotonically increasing, or 
it has one maximum, where dW/dp ~ 0. The condition 
W ~ determines the radial turning points. The con- 
dition that the radial point coincides with the maximum 
of W^, 



W = dW/dp = , 



(35) 



determines the critical impact parameter Icrit = M'^)- 
The capture takes place when |Z| < Icrit. The function 
X{i/) obtained by solving p5p is shown at Figure [5] One 




Properties of the collision energy 



Using this representation ([^5)) for k and ([T5|) one finds 



(p,fc) = -m7€(ri/2-^ 



(36) 



where 1^ — ^z/ ('S^'g)- Thus the collision energy M obeys 
the equation 



V P 



(37) 



As we already know for ISCO with i < the 7-factor 
infinitely grows at the minimal radius p-^min- As a re- 
sult, Jv[ can be arbitrary large. But as earlier this case is 
not interesting for our purposes since the corresponding 
high energy is required from the very beginning in order 
to put a charged particle at such an orbit. 

The 'repulsion' case is more interesting. Since the ra- 
dius of the ISCO can be arbitrary close to the horizon, 
the factor f^^^^ in ([57)) can be made arbitrary large, 
while 7+ remains finite. The second term in the brackets 
in ([57)) remains finite. Really, from ([55)) it follows that 
[£21 < £, so that 



\vlz\ ,, , , , s 3\/3 



(38) 



For the fixed energy 2: the maximal value of the param- 
eter \vlz\/p ~ is reached for massless particles (pho- 
tons) propagating in the equatorial plane. This contribu- 
tion to A^^ is positive when the photon and the particle 
move in the opposite direction. In any case, this term 
remains finite in the limit /9+ — > 1. 

Thus for the collision close to the horizon the leading 
contribution to Ai is 



M 



(2m7+€)i/2 



(39) 



Using relation ([^ one obtains the following asymptotic 
value of the center-off-mass energy for a collision with 
the charged particle at ISCO in a magnetic field 6^1 



M ^ (3)i/«6i/4(2^^^£)i/2 , 



(40) 



Using expression ([25)) for the value of 7+ at the horizon 
one can write ((301) in the form 



FIG. 5: The critical angular momentum A = £/(2:rg) as a 
function of v = ^i/l£. 



can see from this plot that the critical impact parameter 
A monotonically changes from 2 for a particle with zero 
velocity at the infinity, till its maximal value A = 3a/3/2 
for ultrarelativistic particles. 



M^ab^^'^V^, a = —- ^1.74: 



2 
3 "8 



(41) 



In a special case, when a neutral particle falling from 
infinity also has the mass m, and it starts its motion with 
zero velocity one has € = m and ((301) takes a simpler form 



^^1.745V^ 



m 



(42) 
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Let us remind that for near extremal rotating black holes 
the maximal collision energy per unit mass for particles 
close the horizon is (cf Eq. (8)) 

— ~ 4.06(1 - a)-i/4 (43) 
m 

By comparing relations (j42|) and (|43|) one can see that 
they are quite similar if one identifies 1 — a with b~^. 

IV. DISCUSSION 

We demonstrated that the collision of two charged par- 
ticles moving in the magnetized black hole at the same 
ISCO trajectory close to the horizon in the opposite di- 
rections does not result in the high collision energy. On 
the other hand, this energy can be high for a collision 
of a particle falling from infinity with a charged particle 
revolving at ISCO. In fact, this energy formally infinitely 
grows for ISCO arbitrary close to the horizon. The close- 
ness of ISCO to the horizon is controlled by the value of 
the magnetic field ([M]) . However the collision energy M 
grows rather slowly with the magnetic field (see (|42p ). 
This results in a considerable suppression of the maxi- 
mal collision energy for realistic magnetic field. 

To estimate the maximal collision energy per a unit 
mass, one can use expression ^ for the parameter 
b. This gives 1.74&1/4 sa 942.3 for a stellar mass black hole 



with parameters (|H). For the supermassive black hole 
with parameters ([5]) this factor is of one order larger. One 
can expect that there exist other effects, which restrict 
the ability of magnetized black hole to work as particle 
accelerators. One of them is the synchrotron radiation 
by charged particles near black holes, studied in (20l [2l|. 
It should be also emphasized that our consideration is 
somehow oversimplified, since we used a free particle ap- 
proximation and neglected plasma effects. Moreover we 
discussed only a simple case of ISCO particles, while the 
motion of charged particles in the rnagnetized black holes 
can be more complicated (see e.g. We conclude by 

the following remarks: Theoretical search for high energy 
events in the black hole vicinity is very interesting and 
important for possible astrophysical applications. In this 
connection, it might be interesting to study collision en- 
ergy near the horizon of the black hole in the presence of 
both, rotation and magnetic field. 



Acknowledgments 

This paper was written during the author's stay at 
the Yukawa Institute for Theoretical Physics (YITP). I 
would like to thank YITP for its hospitality. The au- 
thor also thanks the Natural Sciences and Engineering 
Research Council of Canada and the Killam Trust for 
their financial support. 



[1] T. Piran, J. Katz, and J. Shaham, "High Efficiency of 
the Penrose Mechanism for Particle Collisions", Astro- 
physical Journal Letters, 196, L107 (1975) 

[2] T. Piran and J. Shaham, "Upper Bounds on CoUisional 
Penrose Processes Near Rotating Black Hole Horizons," 
Phys. Rev. D 16, 1615 (1977). 

[3] T. Piran and J. Shaham, "Production of gamma-ray 
bursts near rapidly rotating accreting black holes," As- 
trophysical Journal, 214, 268 (1977). 

[4] M. Banados, J. Silk, S. M. West, "Kerr Black Holes as 
Particle Accelerators to Arbitrarily High Energy," Phys. 
Rev. Lett. 103, 111102 (2009). arXiv:0909.0169l [hep- 
ph]]. 

[5] M. Banados, B. Hassanain, J. Silk, S. M. West, "Emer- 
gent Flux from Particle Collisions Near a Kerr Black 
Hole," Phys. Rev. D83, 023004 (2011). |arXiv: 1010.27241 
[astro-ph.CO]]. 

[6] T. Harada, M. Kimura, "Collision of an object in the 

transition from adiabatic inspiral to plunge around a 

Kerr black hole," arXiv:1109.6722 [gr-qc]]. 
[7] O. B. Zaslavskii, 'Acceleration of particles by rotating 

black holes: near-horizon geometry and kinematics," 

|arXiv:1107.3"964l [gr-qc]] . 
[8] O. B. Zaslavskii, "Acceleration of particles by black holes: 

general explanation," Class. Quant. Grav. 28, 105010 

(2011). arXiv:1011.0167 [gr-qc]]. 
[9] Q. B. Zaslavs kii, Phys. Rev. D84, 024007 (2011). 

larXiv: 1104.480 2 [gr-qc]]. 



[10] T. Harada, M. Kimura, "Collision of two general geodesic 
particles around a Kerr black hole," Phys. Rev. D83, 
084041 (2011). arXiv: 1102.3316 [gr-qc]]. 

[11] M. Kimura, K. -i. Nakao, H. Tagoshi, "Acceleration of 
colliding shells around a black hole: Validity of the test 
particle approximation in the Banados-Silk-West pro- 
cess," Phys. Rev. D83, 044013 (2011). [arXiv: 1010.54381 

[gr-qc]]. 

[12] T. Harada, M. Kimura, "Collision of an innermost stable 
circular orbit particle around a Kerr black hole," Phys. 
Rev. D83, 024002 (2011). |arXiv:1010.09 62 [gr-qc]]. 

[13] A. J. Williams, "Numerical estimation of the escaping 
flux of massless particles created in collisions around 
a Kerr black hole," Phys. Rev. D83, 123004 (2011). 
[arXiv:1 101.4819 [astro-ph.CO]]. 

[14] T. Jacobson, T. P. Sotiriou, "Spinning Black Holes as 
Particle Accelerators," Phys. Rev. Lett. 104, 021101 
(2010). arXiv:09U!3l63] [gr-qc]]. 

[15] E. Berti, V. Cardoso, L. Gualtieri, F. Pretorius, U. Sper- 
hake, "Comment on 'Kerr Black Holes as Particle Ac- 
celerators to Arbitrarily High Energy'," Phys. Rev. Lett. 
103, 239001 (2009). arXiv: 0911.2243 [gr-qc]]. 

[16] V. P. Frolov, A. A. Shoom, "Motion of charged particles 
near weakly magnetized Schwarzschild black hole," Phys. 
Rev. D82, 084034 (2010). arXiv: 1008.2985 [gr-qc]]. 

[17] M. Yu. Piotrovich, N. A. Silant'ev, Yu. N. Gnedin, and 
T. M. Natsvlishvih, " Magnetic Fields of Black Holes and 
the Variability Plane," larXiv:1002.4948l 



7 



[18] 

[19] 
[20] 
[21] 



B. Mashhoon, F. Gronwald, and H. I. M. Lichtenegger, 
" Gravitomagnetism and the Clock Effect", Lect. Notes 
Phys. 562, 83 (2001). (arXiv:g r-qc/9912027vl]. 
B. Mashhoon, " Gravitoelectromagnetism" , 



arXiv:gr-qc/0011014|>rl. 

I. Petukhov, 
, Sov. Phys. - 

Gal'tsov, 



D.V. Gal'tsov and V, 
ternal magnetic field'' 
A. N. Aliev and D.V 



'Black hole in an ex- 
JETP, 47, 3 (1978). 
"Magnetized" black 



holes", Soviet Physics Uspekhi, 32, 75 (1989). 
[22] A. N. Aliev and N. Ozdemir, "Motion of charged particles 

around a rotating black hole in a magnetic field", Mont. 

Not. Roy. Astron. Soc, 336, 241 (2002). 
[23] R. M. Wald, "Black hole in a uniform magnetic field", 

Phys. Rev. D 10, 1680 (1974). 



